The slope of the Isgur-Wise function ξ(w) as w → 1 for mesons containing a single heavy quark has previously been shown to have a minimum non-zero value on the basis of a sum rule when the light degrees of freedom have spin 1 2 .
The physics of hadrons containing a single heavy quark displays additional symmetries beyond that of QCD [1] . The intuitive picture is that of a very heavy quark surrounded by a sea of light quarks and gluons whose structure, apart from kinematic multiplicative factors, is independent of the heavy quark mass. Matrix elements of operators which act only on the heavy quark may depend upon the hadronic structure, but not on the heavy quark mass.
Transitions involving the heavy quark quantum numbers can be expressed in terms of universal functions ξ(w), where w = (v ′ · v) and v and v ′ are the initial and final hadron fourvelocities. On very general grounds, a sum rule can be derived [2, 3] in which the Isgur-Wise function ξ(w) has the form ξ(w) = 1−ρ 2 (w −1)+· · · as w → 1, and that the "radius" ρ has a minimum value of 1 2 for heavy quarks coupled to light degrees of freedom with spin 1 2 . Isgur and Wise [3] noted that this factor differs from the value zero obtained in nonrelativistic calculations, and further speculated that it comes from Zitterbewegungen of the fermionic light degrees of freedom. The problem of a heavy quark coupled to light degrees of freedom with arbitrary spin was addressed by Falk [4] , who showed that for all light spins j > 0, both integral and non-integral, there is a non-vanishing minimum slope, thereby ruling out Zitterbewegungen as the relevant phenomenon. In this paper we show that lower bounds to ρ 2 of this order arise naturally from Wigner rotations of the light degrees of freedom. As such, they appear as a relativistic effect for all non-zero spins of the light degrees of freedom.
A simple model can be constructed in terms of Dirac's point-form dynamics, using a mass operator to describe the interaction of the heavy quark with the light degrees of freedom.
The details of this approach are described elsewhere [5] .
For calculational purposes, we employ non-covariant free-particle state vectors |mj; vµ for a particle of mass m and spin j, which are normalized as follows:
We now consider matrix elements of the form M ′ j ′ ; V ′ µ ′ |I α (0)|Mj; Vµ , where I α (x) acts on the quantum numbers of the heavy quark.
Consider the specific case of a heavy quark bound to light degrees with spin 1 2 , e.g., a dressed antiquark, which carries mass m l . The matrix element is expressed in terms of single-particle states as follows:
Here and henceforth repeated indices are summed. The non-interacting two-body mass of the system is
The zero subscript denotes a non-interacting system. The total velocity is
The relative momentum k can be expressed in terms of p l = m l v l and a rotationless boost
where
In terms of k, the non-interacting mass is
The bound state wave function is expressed as follows:
where the Jacobian is
and
and φ l (k) is a radial momentum wave function for an interacting state of mass M. The
Wigner rotation has the following form:
After some variable changes, we get
In the heavy quark limit,
with a similar result for the Jacobian involving primed variables. The remaining dependence of the integral upon quark masses occurs via the momentum k as defined in Eq. (5):
The momenta k, k ′ and p l are related to each other via Eq. (15). They depend in turn on the external velocities V and V ′ , as well as m l , but they are independent of the heavy quark mass m h . The remaining terms in the Jacobians depend upon ratios of these three momenta to m l , and thus they also do not depend upon m h . The Wigner rotations of the heavy quark become the identity in the heavy-quark limit. Those of the light degrees of freedom depend upon k/m l , which may be non-negligible, as discussed below, but are independent of the heavy quark mass.
We now investigate the contributions from the model to ξ(w) as w → 
The first contribution to ξ(w) for w > 1 is an overall size effect which has a conventional form factor F (q 2 ) = 1 − 1 6 q 2 R 2 + · · ·. In the harmonic oscillator model, this is
and gives a multiplicative contribution to ξ(w) [q 2 = 2M 2 (w − 1)]:
The second contribution comes from Wigner rotations of the light degrees of freedom in Eq. (12). In the limit w → 1, the Wigner rotation angle is
For the primed variables, the rotation axis is the same, and the rotation angle has the same magnitude and opposite sign, with the result that the product D(θ R )D † (−θ R ) can be replaced by a single D(2θ R ). To obtain the leading contribution in powers of (w − 1), we consider the diagonal elements D 1 2
For an S-wave harmonic oscillator ground state, 0|(V × k) 2 |0 = V 2 β 2 , and the net multiplicative contribution to
Combining the factors in Eqs. (18) and (20) yields
In the extreme nonrelativistic limit, β → 0, and the slope is unbounded. There exists a sum rule which provides an upper bound on the slope [6] [7] [8] [9] , implying that this limit of the model is unphysical. In addition, the form factor contribution alone, which is present in a nonrelativistic calculation, provides no lower bound to the slope. The presence of the relativistic correction via the Wigner rotation means that there is a minimum slope of ξ(w) = 1 − ρ 2 (w − 1) + · · ·. Minimizing the coefficient of (w − 1) in Eq. (21) gives
which differs by a factor √ 2 from the original Bjorken sum rule [2, 3] . However, the original sum rule receives additional QCD corrections [7] [8] [9] 
in which case we get
Thus, the slope ρ 2 grows with j, as observed by Falk [4] which compares favorably to the bound resulting from the Bjorken sum rule [2] with QCD corrections [7] [8] [9] , and its non-zero value beyond the nonrelativistic limit stems directly from Wigner rotations. It has been well known for some time that Wigner rotations tend to increase the charge radius of light hadrons [11] , and one might also expect to derive a minimum radius from such effects. For light hadrons, the change in the radius is a nontrivial effect, but the physical radius is dominated by structure-dependent contributions. For heavy hadrons, there is a sum rule independent of specific structure for which the minimum plays an important quantitative role.
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